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687. 
NOTE ON THE FUNCTION 32=e?(c—2) + {e(c—2)-b} 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xv. (1878), 
pp. 338—340.] 


STARTING from the general form 


Ge = %2 t B 
yet sd? 
we have 
qa E (Aart — 1) (ax + B) + (A" — A) (— òx + 8) 
AH — 1) (ya + 6) +(A"—A) (yaa) ’ 
where 
1 a+ 8+ 28y 
base aia to: ial 
For the function in question 
_ “%C-2) 
orraa 


(a form which presents itself in the problem of the distribution of electricity upon 
two spheres), the values of a, 8, y, 5 are 


a=-—a’, B=ar*, =-—c, 6=-86; 
the equation for à therefore is 


1 _ a+ (P -bY — 2e. 


ab? 


r+ 


>| 


or, what is the same thing, 
(A+ 1p a (a? + a ey 
oh ae ab? 


39—2 
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Suppose that a, b, ¢ are the sides of a triangle the angles whereof are A, B, C; 
then œ = a?+ b?—2abcos C, or we have 


2 
Cee =4cos?C; 
or, writing this under the form 
V(X) + “i = 2 cos O, 


the value of A is at once seen to be =e"°; and it is interesting to obtain the 
expression of the nth function in terms of the sides and angles of the triangle. 


The numerator and the denominator are 
WP +Q, 


wR +S, 
where 
P= rX(aw+B)+ (—8e4+8) R= A(yet+d)+ ya-a, 


Q=- (am+B)—rA(—de+B8), S=— (yet+8)—r(ye—4). 
Hence, writing the numerator and the denominator in the forms 
am P +N Q, 


an RHA S, 
these are 


(P + Q) cos nO + (P — Q) isin nO, 


(R + 8) cos nO + (R—S8S)isin n; 
viz. they are 
(A — 1) (a+ 8) x cos nO + (à + 1) {(a—8) æ + 28} isin nC, 


(A—1)(a+ 8). cos nO + (A +1) {2ya — (a — 8) } i sin nO, 


rA-1_. : 
=ztanC@ and removing the common factor i (à+ 1), they may 


or, observing that - wis] 


be written 
tan C (a + 8) æ cos nO + {(a — 8) x + 28} sin nO, 


tan C (a+ 6). cos nC + {2yae—(a—8) }sin nO. 
Substituting for a, 8, y, ò their values, these are 
tan C {(c? — a? — b?) æ cos nC} 


{ (b — a? — &) æ + 2a*c} sin nO, 
tan C {(¢ — a? — b?) . cos nO 
{ 


+ 
+ {— 2cx — (b? — a? — c*)} sin nO, 
= tan C + 


ie Aon 
— ab cos Cæ cosnO }+{-—accosB.xc+a’e }sin nO, 
SAn } 


tan C {— ab cos Ox cos nC cæ + ac cos B sin nC, 
= g {— ab sin C cos nC — ac cos B sin nC} + ac sin nO, 


— cx sin nC + {ac cos B sin nO — ab sin C'cos nC} ; 
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or, writing herein bsin C = csin B, these are 


— ace {sin B cos nC + cos B sin nC} + ac sin nO, 


— cæ sin nC + ac {cos B sin nC — sin B cos nC}, 
whence finally 
Glin = a* sin nC — ax sin (nC + B) 
asin (nC — B)— asin nC * 


As a verification, writing n=1, we have 


Lag a? sin C — av sin A 
~ asin (0 — B)-szsin C 
ac — acg ina 
pi sin U 
~ sin(C— B) i 
ac ———~— — ex 
sin C 
or observing that 
ac sin (C — B) =@— b?, 
sin O 
(for this is sin A sin (C — B) = sin? Ọ — sin? B), we have 


a? (c — x) 
e—b?—cx 


32 = 


as it should be. If in the formula for Yæ we write «=0, we have a formula given 
in the Senate-House Problems, January 14, 1878: it was thus that I was led to 
investigate the general expression. 
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